We introduce a new class of rational elliptic 3-folds, which we refer to as "1/2 Calabi-Yau 3-folds". We construct elliptically fibered Calabi-Yau 3-folds by making use of these rational elliptic 3-folds. This construction yields a novel approach to build elliptically fibered Calabi-Yau 3-folds of various Mordell-Weil ranks. Our construction of Calabi-Yau 3-folds can be regarded as a three-dimensional generalization of the operation of gluing pairs of 1/2 K3 surfaces to yield elliptic K3 surfaces. From one to seven U (1)s form in six-dimensional N = 1 F-theory on the constructed Calabi-Yau 3-folds. Seven tensor multiplets arise in these models.
Introduction
F-theory [1, 2, 3] is compactified on spaces that admit a torus fibration, and axiodilaton in type IIB superstrings is identified with the modular parameter of elliptic curves as fibers of the torus fibration. This formulation enables the axiodilaton to exhibit SL 2 (Z) monodromy.
When the compactification space possesses two or more independent global sections, U (1) gauge group forms in F-theory [3] . Global section is a structure of the torus fibration, obtained when one can choose one point in an elliptic curve as a fiber over each point in the base space, and when one can move the chosen point smoothly throughout over the base of the torus fibration, yielding a copy of the base space. When this operation is possible, genus-one fibration is said to have a global section, and a genus-one fibration admitting a global section is often referred to as an elliptic fibration in the F-theory literature 1 . The rank of the group formed by the set of the global sections of the compactification space -or the "Mordell-Weil group"-yields the number of U (1) factors forming in F-theory on the space [3] . The rank of the "Mordell-Weil group" is one less the number of the independent sections, thus the number of U (1) factors that form in F-theory is one less the number of the independent global sections. F-theory models in which one or more U (1) factors form are analyzed, for example, in [4, 7, 8, 10, 35, 12, 36, 37, 38, 39, 40, 20, 17, 25, 41, 29, 30, 42] . [43, 44, 45] analyzed the structures of the elliptic fibrations of 3-folds.
Recent studies of F-theory model buildings mainly focused on the use of the local models [46, 47, 48, 49] . Global aspects of the geometry of the compactification space, however, must be analyzed to deal with the problems of the early universe including inflation and the issues of gravity. The structures of the elliptically fibered Calabi-Yau 3-folds are studied from the global perspective in this work.
In section 2.1, we discuss the constructions of the "1/2 Calabi-Yau 3-folds" and elliptically fibered Calabi-Yau 3-folds as double covers of them. We also summarize the results of the constructions that are particularly relevant to the physics applications. We discuss 6D N = 1 F-theory compactifications on the resulting Calabi-Yau 3-folds. The resulting Calabi-Yau 3-folds have the Mordell-Weil groups of various ranks. U (1) n , n = 1, . . . , 7, forms in F-theory on the resulting Calabi-Yau 3-folds depending on the rank of the Mordell-Weil group of the Calabi-Yau 3-fold. We discuss some specific examples of the constructions of Calabi-Yau 3-folds in sections 2.2, 2.3, 2.4, 2.5 and 2.6 as a demonstration of our construction.
We consider the relation of exceptional gauge group factors and the numbers of tensor fields forming in 6D N = 1 F-theory in section 3 by comparing the 6D F-theory models on the elliptically fibered Calabi-Yau 3-folds that we construct in this study with the 6D F-theory models constructed in [28, 31] . We will also mention a possible relation to the swampland conditions. Recent reviews of the swampland criteria can be found in [50, 51] . The notion of the swampland was discussed in [52, 53, 54] . The authors in [55] recently discussed swampland conditions for 6D N = 1 supergravity theories by considering consistency condition on 2D strings coupled to 6D supergravity theories. Conditions on the possible combinations of distinct gauge groups and matter fields for 6D N = 1 quantum gravitational theories were discussed in [56, 57, 58] . A review of this topic can be found in [59] . Some open problems that remain are discussed in section 4.
In appendix A, some details of the constructions of the "1/2 Calabi-Yau 3-folds" and elliptically fibered Calabi-Yau 3-folds as double covers of them are discussed.
2 Calabi-Yau 3-folds as double covers of 1/2 Calabi-Yau 3-folds and F-theory with U(1) factors from one to seven 2.1 Construction of Calabi-Yau 3-folds and summary of F-theory compactifications on them
We construct families of elliptically fibered Calabi-Yau 3-folds by making use of "1/2 Calabi-Yau 3-folds". What we refer to "1/2 Calabi-Yau 3-folds" in this work are rational elliptically fibered 3-folds that are obtained by simply blowing up P 3 at eight points. This construction of "1/2 Calabi-Yau 3-folds" can be viewed as a higher dimensional generalization of blowing up of P 2 at nine points to yield a 1/2 K3 surface. Because taking a double cover of these rational 3-folds (branched along an appropriate divisor) yields elliptically fibered Calabi-Yau 3-folds, we refer to such rational elliptic 3-folds as "1/2 Calabi-Yau 3-folds" in this study. Some properties of the "1/2 Calabi-Yau 3-folds" are quite analogous to those of 1/2 K3 surfaces as we now explain. 1/2 Calabi-Yau 3-folds X satisfies the following equality:
In the equality (1), ADE(X) denotes the ADE singularity type of 1/2 Calabi-Yau 3-folds X. Namely, the singularity rank and the Mordell-Weil rank of 1/2 Calabi-Yau 3-folds always add to seven, independent of the complex structure moduli of 1/2 Calabi-Yau 3-folds. Some details of the equality including a sketch of a proof will be discussed in appendix A. The equality (1) is quite analogous to the property of 1/2 K3 surface that the ranks of the Mordell-Weil group and the singularity type always add to eight. This property (1) of 1/2 Calabi-Yau 3-folds enables us to construct elliptically fibered Calabi-Yau 3-folds of various Mordell-Weil ranks. One to seven U (1) factors form in F-theory on the constructed Calabi-Yau 3-folds.
We now discuss some more details of the construction and properties of 1/2 Calabi-Yau 3folds. We pick three (homogeneous) quadrics, Q 1 , Q 2 , Q 3 , in P 3 . The three quadrics intersects in points the number of which is the product of their degrees, 2 × 2 × 2, that is, they intersect in eight points. In other words, the three quadrics have the simultaneous zeros at the eight points in P 3 . We consider blow-up of P 3 at the eight points as the intersection of the three quadrics, and this operation yields a rational 3-fold. Taking the ratio
yields a projection onto P 2 ; the fiber of this projection over a point [a : b : c] in P 2 is the complete intersection of two quadrics in P 3 as follows:
which is an elliptic curve. Therefore, the projection yields an elliptic fibration, and the resulting rational 3-fold is a rational elliptic 3-fold. We refer to the resulting 3-fold as a 1/2 Calabi-Yau 3-fold as we previously mentioned. P 2 s arising from the eight points when the points are blown up yield global sections to the elliptic fibration; this is very analogous to the situation of 1/2 K3 surfaces wherein the P 1 s arising from the nine points in P 2 when they are blown up yield global sections to the elliptic fibration of 1/2 K3 surface. When one of the eight global sections arising from the blown-up eight points is chosen as a zero-section, the rest seven sections generate the Mordell-Weil group. Therefore, when the three quadrics Q 1 , Q 2 , Q 3 are chosen to be generic so the eight intersection points are in a generic configuration, the resulting 1/2 Calabi-Yau 3-fold has the Mordell-Weil rank seven.
As we stated previously, when the 1/2 Calabi-Yau 3-fold develops an ADE singularity the Mordell-Weil rank decreases, and the sum of the ranks of the ADE singularity and the Mordell-Weil group always add to 7. We will discuss some details of this equality in appendix A.
Therefore, when 1/2 Calabi-Yau 3-fold has a rank 7 singularity such as E 7 or A 7 , its Mordell-Weil rank is 0. When 1/2 Calabi-Yau 3-fold has an ADE singularity of rank strictly less than 7, such as E 6 and A 4 , it has a positive Mordell-Weil rank.
Further, we turn to the construction of Calabi-Yau 3-folds by taking double covers of 1/2 Calabi-Yau 3-folds, on which F-theory is compactified. We consider the double cover of 1/2 Calabi-Yau 3-folds as follows:
In the equation of the double cover (4), F 4 denotes a homogeneous polynomial of degree 4 in the variables of the quadrics Q 1 , Q 2 , and Q 3 3 . The double cover (4) yields an elliptically fibered Calabi-Yau 3-fold.
The equation (4) of Calabi-Yau 3-fold implies that the base surface B is -because the base surface of 1/2 Calabi-Yau 3-fold was isomorphic to P 2 -a double cover of P 2 ramified along a quartic curve. Such a surface is, by a result in mathematics, known to be isomorphic to the del Pezzo surface of degree two 4 . The middle cohomology group of the second cohomology group of the degree two del Pezzo surface dP 7 is known to have eight dimensions,
therefore, the number of tensor multiplets arising in F-theory on the elliptically fibered Calabi-Yau 3-fold (4) is [3] :
Unlike the situation for elliptic K3 surface obtained by gluing a pair of 1/2 K3 surfaces [60] , the number of the singular fibers of the resulting Calabi-Yau 3-fold (4) is identical to the original 1/2 Calabi-Yau 3-fold. ADE singularity types of the original 1/2 Calabi-Yau 3-fold and the Calabi-Yau 3-fold obtained as double cover are identical. Some details of this including a demonstration of the identity of their singularity types will be discussed in appendix A.
Before we move on to discuss the Mordell-Weil rank of the elliptically fibered Calabi-Yau 3-fold (4), we would like to make a remark: we can particularly consider the double cover of the following form to give an elliptically fibered Calabi-Yau 3-fold:
F 4 denotes a homogeneous polynomial of degree 4 in the quadrics Q 1 , Q 2 , and Q 3 as we stated previously, and G 2 represents a homogeneous polynomial of degree 2 in the quadrics Q 1 , Q 2 , Q 3 , given as:
λ denotes the parameter. The Calabi-Yau double cover (7) can be viewed as a deformation of the Calabi-Yau double cover (4), and λ parameterizes the deformation. Taking the limit at which λ goes to ∞, the double cover (7) becomes as follows:
This is also equivalent to the following equation:
The equation (10) describes a pair of 1/2 Calabi-Yau 3-folds. From this, we find that the limit at which λ goes to ∞ corresponds to the limit at which elliptically fibered Calabi-Yau 3-fold (7) splits into a pair of 1/2 Calabi-Yau 3-folds. Therefore, the elliptically fibered Calabi-Yau 3-fold (4) admits a deformation to split into a pair of 1/2 Calabi-Yau 3-folds. This is very analogous to the deformation of elliptic K3 surface splitting into a pair of 1/2 K3 surfaces as described in [60] . 
It follows that the Mordell-Weil rank of the Calabi-Yau 3-fold Y is greater than or equal to the Mordell-Weil rank of the original 1/2 Calabi-Yau 3-fold X:
Further, we expect that these ranks are actually equal for generic values of the parameters of the double cover, and the reason of this expectation can be explained by using an argument similar to that given in [25] as follows: if the Mordell-Weil ranks M W (Y ) of the Calabi-Yau 3-folds Y are strictly greater than the Mordell-Weil rank of the original 1/2 Calabi-Yau 3-fold X for generic values of the parameters of taking a double cover, the Calabi-Yau 3-folds Y have a global section -which we call r-that does not come from the base change of the Mordell-Weil group M W (X) of the original 1/2 Calabi-Yau 3-fold X. When one takes the limit wherein Calabi-Yau 3-fold Y splits into the pair of 1/2 Calabi-Yau 3-folds X, global section r splits and this yields global section, which we callr, of each of the pair of 1/2 Calabi-Yau 3-folds X. Then the base change of the resulting global sectionr yields the global section r, and this is a contradiction. Thus we expect that the Mordell-Weil ranks of the Calabi-Yau 3-fold Y and the original 1/2 Calabi-Yau 3-fold X are equal for generic values of the parameters of taking a double cover:
As we stated previously, when three quadrics Q 1 , Q 2 , Q 3 are chosen to be generic the 1/2 Calabi-Yau 3-fold has the Mordell-Weil rank seven. For special choices of the three quadrics, the obtained 1/2 Calabi-Yau 3-folds develop ADE singularity types; for these situations the Mordell-Weil rank decreases owing to the equality (1). The Mordell-Weil ranks of the 1/2 Calabi-Yau 3-folds range from zero to seven, depending on the choices of the three quadrics Q 1 , Q 2 , Q 3 . The elliptically fibered Calabi-Yau 3-folds (4) obtained as double covers of the 1/2 Calabi-Yau 3-folds have the Mordell-Weil ranks greater than or equal to those of the original 1/2 Calabi-Yau 3-folds owing to the inequality (12) . Furthermore, from the expected equality (13) we expect that the elliptically fibered Calabi-Yau 3-folds (4) obtained as double covers of the 1/2 Calabi-Yau 3-folds actually have the Mordell-Weil ranks from zero to seven. U (1) arises in F-theory when the Mordell-Weil rank is strictly positive, and this occurs when the resulting Calabi-Yau 3-fold is obtained as a double cover of the 1/2 Calabi-Yau 3-folds of positive Mordell-Weil ranks. U (1) n forms in 6D N = 1 F-theory on the resulting elliptic Calabi-Yau 3-fold of Mordell-Weil rank n, n = 1, . . . , 7.
In sections 2.2, 2.3, 2.4, 2.5, 2.6, we discuss examples of 6D F-theory models on Calabi-Yau 3-folds as double covers of 1/2 Calabi-Yau 3-folds, with seven, six, five, four and one U (1) factors as a demonstration of our construction that we have just discussed.
Model with U(1) 7
When the three quadrics Q 1 , Q 2 , Q 3 are generically chosen, the 1/2 Calabi-Yau 3-fold obtained as a blow-up of P 3 at the eight points specified by the three quadrics does not have ADE singularity, and it has Mordell-Weil rank seven. Seven sections among the eight sections arising from the blown-up points generate the Mordell-Weil group as we mentioned previously.
Owing to the inequality (12), the resulting Calabi-Yau 3-fold as double cover of this 1/2 Calabi-Yau 3-fold has the Mordell-Weil rank at least seven. The equality (13) is expected to hold, and we expect that the resulting Calabi-Yau 3-fold actually has the Mordell-Weil rank seven. U (1) 7 forms in F-theory on the resulting Calabi-Yau 3-fold. Because the singularity types of the resulting Calabi-Yau 3-fold and the original 1/2 Calabi-Yau 3-fold are identical as we mentioned in section 2.1, F-theory on the resulting Calabi-Yau 3-fold does not have non-Abelian gauge group factor.
Model with U(1)
We construct an example of an F-theory model possessing one U (1) factor by utilizing a 1/2 Calabi-Yau 3-fold with a specific singularity.
We particularly consider the following three quadrics in P 3 :
We used [x : y : z : w] to give coordinates of P 3 . The 1/2 Calabi-Yau 3-fold obtained by the blow-up of the eight intersection points of the three quadrics (14) on P 3 actually has the ADE singularity type A 6 1 . We demonstrate this as follows: we consider the curve Q 1 = 0 in the base surface P 2 under the projection [Q 1 : Q 2 : Q 3 ]. The condition Q 1 = 0 is equivalent to:
x ± y = 0.
Therefore, the fiber over the point [0 : a : b] of the curve Q 1 = 0 in the base is given by the intersection of {x − y = 0, b Q 2 − a Q 3 = 0} and {x + y = 0, b Q 2 − a Q 3 = 0} in P 3 . Using a technique in algebraic geometry, one finds that the intersection of {x−y = 0, b Q 2 −a Q 3 = 0} and {x + y = 0, b Q 2 − a Q 3 = 0} is the intersection of two conics (embedded inside the intersecting two P 2 s) meeting in two points 5 . In other words, fiber over the point [0 : a : b] in the curve Q 1 = 0 in the base is a type I 2 fiber. The image of this is presented in Figure 1 . Thus, we learned that the fibers over the curve Q 1 = 0 are type I 2 fibers. We can also consider three more conics, in addition to Q 1 , Q 2 , Q 3 , as follows:
5 This is shown as follows: Because the hyperplane x + y = 0 in P 3 yields P 2 , {x − y = 0, b Q 2 − a Q 3 = 0} is isomorphic to a conic in P 2 . Similarly, {x + y = 0, b Q 2 − a Q 3 = 0} is isomorphic to a conic in P 2 .
The hyperplanes x + y = 0 and x − y = 0 give two distinct P 2 s in P 3 , thus the intersection of {x − y = 0, b Q 2 − a Q 3 = 0} and {x + y = 0, b Q 2 − a Q 3 = 0} is the intersection of two conics embedded inside the intersecting two P 2 s. The fibers over other five curves, Q 2 = 0, Q 3 = 0, Q 1 +Q 2 = 0, Q 1 +Q 2 +Q 3 = 0, Q 2 +Q 3 = 0, are also type I 2 by an argument similar to that we have just used.
We use l i , i = 1, . . . , 6, to denote the six curves, Q 1 = 0, Q 2 = 0, Q 3 = 0, Q 1 + Q 2 = 0, Q 1 + Q 2 + Q 3 = 0, Q 2 + Q 3 = 0. Then the arguments that we have just used imply that the 1/2 Calabi-Yau 3-fold obtained as the blow-up of P 3 at the base points of the three quadrics (14) has singular fibers of type I 2 over the six curves l i , i = 1, . . . , 6 6 , and the discriminant is given as follows:
The 1/2 Calabi-Yau 3-fold has the singularity type A 6 1 . Owing to the equality (1), we deduce that the obtained 1/2 Calabi-Yau 3-fold has Mordell-Weil rank one.
Double cover (4) of the 1/2 Calabi-Yau 3-fold yields an elliptically fibered Calabi-Yau 3-fold, and the ADE singularity types are invariant under this operation as we discussed in section 2.1; therefore, the resulting Calabi-Yau 3-fold has the ADE type A 6 1 . The resulting Calabi-Yau 3-fold has Mordell-Weil rank at least one owing to (12) . We expect that the Mordell-Weil rank of the resulting Calabi-Yau 3-fold is one. F-theory on the Calabi-Yau 3-fold has the gauge group as follows:
Model with U(1) 6
By applying the result obtained in section 2.3, we can construct a 6D F-theory model with six U (1) factors. We choose the specific quadric Q 1 :
and we choose generic quadrics for Q 2 , Q 3 , to build a 1/2 Calabi-Yau 3-fold. By applying an argument similar to that we have used in section 2.3, we learn that the singular fibers over the curve Q 1 = 0 in the base surface P 2 are type I 2 fibers. Because two quadrics Q 2 , Q 3 are generically chosen, fibers become degenerate only over the curve Q 1 = 0. When we use l to denote the curve Q 1 = 0, the discriminant is given as follows:
The obtained 1/2 Calabi-Yau 3-fold has the ADE singularity type A 1 , and it has the Mordell-Weil rank six owing to the equality (1). 6 Fibers become singular over the quadric curves in the base surface when the equation of curve consists of two quadratic terms. There are four coordinate variables: x, y, z, w and one can choose two variables out of these four variables to give such an equation, e.g. x 2 − y 2 ; therefore, we have 4 2 = 6 choices, that is, there are precisely six curves over which fibers become singular in this example. Thus, the six curves, l i , i = 1, . . . , 6, yield all curves over which fibers become singular.
Because the singularity type of the Calabi-Yau 3-fold obtained by taking double cover (4) is identical to the original 1/2 Calabi-Yau 3-fold for generic values of the parameters, the Calabi-Yau 3-fold obtained as double cover (4) has the singularity type A 1 . The resulting Calabi-Yau 3-fold has Mordell-Weil rank at least six. We expect that it has the Mordell-Weil rank six. The following gauge group forms in 6D F-theory on the resulting Calabi-Yau 3-fold:
Model with U(1) 5
In similar fashions, we can also construct elliptically fibered Calabi-Yau 3-folds with the singularity types A 2 1 and A 3 1 . We discuss the construction of Calabi-Yau 3-folds with the singularity type A 2 1 here. The construction of Calabi-Yau 3-folds with the singularity type A 3 1 will be discussed in section 2.6. We consider the quadrics Q 1 , Q 2 as:
and we choose the quadric Q 3 to be generic. In this situation, we deduce that the 1/2 Calabi-Yau 3-fold obtained as the blow-up of P 3 at the base points of the three quadrics Q 1 , Q 2 , Q 3 has type I 2 fibers over the curves Q 1 = 0 and Q 2 = 0 in the base by applying an argument similar to that given in section 2.3. When we use l 1 , l 2 to denote the two curves, the discriminant of the 1/2 Calabi-Yau 3-fold is given as follows:
The resulting 1/2 Calabi-Yau 3-fold has the singularity type A 2 1 . The 1/2 Calabi-Yau 3-fold has Mordell-Weil rank five owing to the equality (1).
The Calabi-Yau 3-fold obtained by taking double cover (4) has the singularity type A 2 1 for the generic values of the parameters and it has Mordell-Weil rank at least five. The following gauge group forms in 6D F-theory on the resulting Calabi-Yau 3-fold (4):
Model with U(1) 4
We discuss the construction of elliptically fibered Calabi-Yau 3-folds with the singularity type A 3 1 here. We consider the two quadrics Q 1 , Q 2 given as:
and we choose the quadric Q 3 to be generic. The blow-up of the eight intersection points of the three quadrics Q 1 , Q 2 , Q 3 on P 3 yields a 1/2 Calabi-Yau 3-fold. By using an argument similar to that given in section 2.3, we find that the fibers over the curves Q 1 = 0 and Q 2 = 0 in the base surface are type I 2 fibers. Furthermore, because Q 1 + Q 2 = x 2 − z 2 also splits into linear factors, fibers over the curve Q 1 + Q 2 = 0 degenerate to type I 2 fibers.
When we denote the three curves, Q 1 = 0, Q 2 = 0, Q 1 + Q 2 = 0, by l 1 , l 2 , l 3 , respectively, then the discriminant of the resulting 1/2 Calabi-Yau 3-fold is given by:
The singularity type of the obtained 1/2 Calabi-Yau 3-fold is A 3 1 , and we learn that it has the Mordell-Weil rank four owing to the equality (1).
The Calabi-Yau 3-fold obtained by taking double cover (4) has the singularity type identical to that of the original 1/2 Calabi-Yau 3-fold for the generic values of the parameters. The resulting Calabi-Yau 3-fold (4) has the singularity type A 3 1 . The Calabi-Yau 3-fold has the Mordell-Weil rank at least four. (We expect that the Mordell-Weil rank is actually four owing to the expected equality (13) .) The following gauge group forms in 6D F-theory on the resulting Calabi-Yau 3-fold:
3 Comparison of possible numbers of exceptional gauge group factors to other 6D F-theory models 6D N = 1 F-theory models in which multiple exceptional gauge group factors arise were constructed in [28, 31] ; 6D F-theory models with up to six E 6 gauge group factors were constructed in [28] , and 6D F-theory models with up to four E 7 gauge group factors were constructed in [31] . The base surface of Calabi-Yau 3-folds as compactification spaces for these models is isomorphic to P 1 × P 1 , and this property was particularly used in the constructions of 6D F-theory models in [28, 31] to yield examples of models with multiple exceptional gauge group factors. To be more specific, the Weierstrass coefficients of the equations of Calabi-Yau 3-folds were given as products of functions that only depend on either P 1 factor in the product P 1 × P 1 in [28, 31] ; by making use of such form of the equations of the Calabi-Yau 3-folds, 6D F-theory models with multiple exceptional gauge group factors were constructed in [28, 31] . Because the base surface is isomorphic to P 1 × P 1 , the number of tensor multiplets that arise in the 6D F-theory models constructed in [28, 31] is one. In contrast to these models, the base surface of the elliptically fibered Calabi-Yau 3-folds constructed in this note is isomorphic to the degree two del Pezzo surface dP 7 -which is the blow-up of seven points on P 2 -as we discussed in section 2.1. Because the del Pezzo surface of degree two is not the direct product of curves, it is considerably difficult to yield a Calabi-Yau 3-fold built as an elliptic fibration over the base degree two del Pezzo surface whose Weierstrass coefficients are given as products of functions that only depend on partial subsets of the coordinates of the base surface. Owing to this, it is very difficult to construct 6D F-theory models on Calabi-Yau 3-folds with the base surface dP 7 with as many as six E 6 factors, or 6D F-theory models with as many as four E 7 factors 7 . Seven tensor multiplets arise in 6D N = 1 F-theory models on the Calabi-Yau 3-folds that we constructed in this study as we discussed in section 2.1.
These observations can imply that the bounds 8 on the numbers of the factors of exceptional gauge groups forming in 6D N = 1 F-theory compactifications depend on the number of tensor multiplets.
It was shown in [56, 57, 58] that the possibilities of the gauge groups that can form in 6D N = 1 quantum gravitational theories with less than nine tensor fields are finite. In relation to the swampland conditions, estimating the bounds on the number of factors of exceptional gauge groups in six-dimensional N = 1 quantum gravitational theories with respect to the numbers of tensor multiplets for less than nine tensor multiplets can be interesting, and this is a likely direction of future study.
Concluding remarks and open problems
We introduced certain rational elliptic 3-folds which we referred to as 1/2 Calabi-Yau 3-folds, and we constructed elliptically fibered Calabi-Yau 3-folds by taking double covers of the 1/2 Calabi-Yau 3-folds. The construction of elliptically fibered Calabi-Yau 3-folds discussed in this note provides a systematic method to construct 6D N = 1 F-theory models with U (1) factors from one to seven 9 . The base surface of these models is isomorphic to the del Pezzo surface of degree two, dP 7 . As a result, seven tensor multiplets arise in these models.
As we discussed in section 2.1 the sum of the ranks of the Mordell-Weil group and the ADE singularity type of 1/2 Calabi-Yau 3-fold is always seven. As a result of this property, elliptically fibered Calabi-Yau 3-folds with various Mordell-Weil ranks were obtained by taking double cover of 1/2 Calabi-Yau 3-folds. Taking double cover of a 1/2 Calabi-Yau 3-fold obtained as blow-up of P 3 at eight points of generic configuration yields Calabi-Yau 3-fold of Mordell-Weil rank (at least) seven as we described in section 2.2. U (1) 7 arises in 6D N = 1 F-theory on this Calabi-Yau space. We also presented an example of Calabi-Yau 3-folds with various Mordell-Weil ranks in sections 2.3, 2.4, 2.5, 2.6. Six, five, four and one U (1) factors form in 6D F-theory on these Calabi-Yau 3-folds. Appropriately chosen three quadrics yield 1/2 Calabi-Yau 3-folds of the Mordell-Weil ranks two and three in similar fashions. Double covers (4) of these yield elliptically fibered Calabi-Yau 3-folds of Mordell-Weil ranks (at least) two and three.
Because E 8 singularity has rank eight, owing to the equality (1), the 1/2 Calabi-Yau 3-folds cannot have E 8 singularity, and therefore, the construction of Calabi-Yau 3-folds as double covers of 1/2 Calabi-Yau 3-folds that we introduced in this work does not, at least directly, yield elliptically fibered Calabi-Yau 3-folds with E 8 singularity with seven tensor multiplets. Determining whether a construction of such models is possible is a likely direction of future study.
The ranks of the Mordell-Weil group and the ADE singularity type of a 1/2 Calabi-Yau 3-fold X always add to seven as we stated in section 2.1. We give a sketch of a proof of this using a technique in algebraic geometry. Because a 1/2 Calabi-Yau 3-fold is the blow-up of eight points on P 3 and this operation increases the Picard number of P 3 by eight 10 , the Picard number of 1/2 Calabi-Yau 3-fold is 9 (independent of the complex structure moduli). The Picard number of a 1/2 Calabi-Yau 3-fold does not depend on the configuration of the eight points to be blown up. The fact that the Picard number of any 1/2 Calabi-Yau 3-fold is 9 is crucial to show the equality (1). The equality (1) follows from this property of 1/2 Calabi-Yau 3-fold as follows: the Picard number is the rank of the group called the "Néron-Severi group", and this "Néron-Severi group" is the group generated by the divisors (modulo "algebraic equivalence"). 1/2 Calabi-Yau 3-fold always has the zero-section and the pullback of the line class P 1 in the base surface P 2 , independent of the configuration of the blown-up eight points. In addition to these two divisors, 1/2 Calabi-Yau 3-fold generically has seven free sections and for this generic situation 1/2 Calabi-Yau 3-fold does not have an ADE singularity. In a special situation where 1/2 Calabi-Yau 3-fold has an ADE type singularity, divisors coming from P 1 components of the singular fibers not meeting the zero-section also contribute to the Néron-Severi group. The rank of this contribution from the singular fibers is therefore equal to the sum of the numbers of P 1 components (that do not meet the zerosection) in the singular fibers, which is precisely the rank of the ADE singularity. Because the Néron-Severi group is generated by the divisors coming from P 1 components in the singular fibers not meeting the zero-section, the generators of the Mordell-Weil group, and the zerosection and the pullback of the line class in the base surface, when we add the ranks of these divisors we arrive at the following equality 11 : ρ(X) = rk ADE(X) + rkM W (X) + 2. (28) ρ(X) on the left-hand side denotes the Picard number of 1/2 Calabi-Yau 3-fold X which is nine, and 2 on the right-hand side is the contribution from the zero-section and the pullback of the line class P 1 in the base surface P 2 . Thus, plugging the relation ρ(X) = 9 into the equality (28), we obtain the equality (1):
The number of the singular fibers of elliptically fibered Calabi-Yau 3-fold Y obtained as a double cover of the original 1/2 Calabi-Yau 3-fold X is identical to that of the original 1/2 Calabi-Yau 3-fold X as we stated in section 2.1; therefore, the ADE singularity types of Calabi-Yau 3-fold Y and the original 1/2 Calabi-Yau 3-fold X are identical. We would like to give a demonstration of this here.
The structures of singular fibers 12 of an elliptically fibered Calabi-Yau 3-fold along the codimension one locus in the base surface are essentially the same as those of the elliptic surfaces; Kodaira's classification [66, 67] 13 applies to singular fibers of elliptic Calabi-Yau 3-folds along the discriminant components. The types of the singular fibers are determined by the vanishing orders of the Weierstrass coefficients and the vanishing orders of the discriminant.
Let us suppose that the discriminant of the 1/2 Calabi-Yau 3-fold X is given as follows:
Taking a double cover can be viewed as a base change as we mentioned previously, and base change replaces the coordinate variables of the base space. This replaces each of the polynomials f i withf i , wheref i is obtained by plugging cubic polynomials into the variables of the polynomial f i 14 . Because the base space is a complex surface and not a complex curve, 11 Similar formula, known as the Shioda-Tate formula [62, 63, 64] , holds for elliptic surfaces with a global section. 12 The correspondence between the types of the singular fibers of the elliptic fibration and non-Abelian gauge symmetries forming on the 7-branes in F-theory is discussed in [3, 65] . 13 Methods to determine the singular fibers of the elliptic surfaces are described in [68, 69] . 14 The cubic curves in P 2 have 10 dimensions, and among these the cubic curves that pass through the seven points that are blown up to yield the degree two del Pezzo surface have 10 − 7 = 3 dimensions. We denote a basis of such cubic curves by g 1 , g 2 , g 3 . Then the base change of P 2 yielding the degree two del Pezzo surface induces the morphism from polynomial f i to polynomialf i as: f i (s, t, u) →f i (x, y, z) = f i (g 1 (x, y, z), g 2 (x, y, z), g 3 (x, y, z)).
We have used [s : t : u] to denote the homogeneous coordinates of P 2 , and [x : y : z] to denote the coordinates of degree two del Pezzo surface (except the blown-up seven points). the resulting polynomialf i remains irreducible; this is crucially different from the case of the base change of 1/2 K3 surfaces discussed in [60, 25, 32] 15 .
Thus, the discriminant of the resulting Calabi-Yau 3-fold Y is given as:
where eachf i is irreducible. Therefore, the vanishing orders of the discriminant remain invariant after the operation of the base change for generic parameters. Furthermore, an argument similar to that we have just used for the discriminant shows that the vanishing orders of the Weierstrass coefficients also remain unchanged after the base change. We learn from these that the ADE singularity types of Calabi-Yau 3-fold Y and the original 1/2 Calabi-Yau 3-fold X are identical.
